Abstract. The paper is devoted to mathematical modelling and numerical computations of a nonstationary free boundary problem. The model is based on processes of molecular diffusion of some products of chemical decomposition of a solid organic substance concentrated in bottom sediments. It takes into account non-stationary multi-component and multi-stage chemical decomposition of organic substances and the processes of sorption -desorption under aerobic and anaerobic conditions. Such a model allows one to obtain quantitative estimates of incoming solute organic substances of anthropogenic origin having different molecular weights from the bottom sediments into water and to study the influence of seasonal variations of the concentration of solute oxygen in the near-bottom water on the direction of exchange processes in the system "water-bottom".
Introduction
Almost the world-over sharpening of ecological problems related to water bodies makes essential the investigations of the possibility of obtaining the quantitative estimate of the values of the diffusion flow of solute organic substances from bottom sediments [1-3, 7, 8, 11, 15-17, 20] . It is important to estimate the influence of the flow on the quality of water in the investigated water body.
Organic substances 1) undergo biochemical transformation in the water body, 2) are absorbed on the suspensions, 3) penetrate into bottom sediments. This leads to the decrease in the concentration of organic substances in the water. On the other hand, this leads to the result, when the bottom sediments become a long-term source of secondary pollution. In this case it is necessary to take into account that organic substances undergo biochemical transformation both in the water reservoir and in the bottom sediments [2, 3, 11, 15, 16] .
In the process of assessment and forecasting of processes of chemical decomposition of organic substances of bottom sediments it is necessary to take account of the value of concentration of solute oxygen in the near-bottom water. This value substantially influences both the rate of the processes of biochemical transformation of the substances and the content of these processes. This especially relates to the processes going on under the conditions of substantial deficit of the solute oxygen. In [1] one can find the estimate of the principal factors, which play the leading role in the variation of the intensity of oxygen consumption by bottom sediments, for the Mozhaisk water reservoir observed during a decade, in different seasons. In case of substantial variability of the process of consumption of oxygen by bottom sediments, we have noticed a positive dependence of this process on the content of oxygen in the near-bottom (10 cm) layer of water during all the seasons except for the periods of homotermia in spring and absence of stable temperature stratification in the reservoir in autumn. The correlation between the intensity of oxygen consumption with the content of organic substances in the upper layer (0-2cm) of bottom sediments and consumption of oxygen in the near-bottom layer of water is also obvious. Furthermore, we have revealed a correlation between the intensity of consumption of oxygen by bottom sediments with the consumption of oxygen in the near-bottom layer of water. For example, in autumn, it is possible to observe a direct dependence, while in summer there is a reverse dependence, i.e., when there is no inflow of easily oxidizable organic substances to the bottom, the intensity of consumption of oxygen by bottom sediments is limited by intensive consumption of oxygen in the near-bottom layer of water.
Physics-chemical characteristic of bottom sediments
The weighted substance contained in the sewage of pulp-and-paper plants, which is discharged into water bodies, contains up to 35% of cellulose and up to 32% of lignin [9] . These hardly oxidizable organic substances undergo the process of sedimentation in bottom sediments in the form of black slimy mass, while changing the natural content of bottom sediments. The products of decomposition of above natural polymers are represented by toxic low-molecular organic substances, whose occurrence in the water reservoir leads to worsening its sanitary regime, reduction of the content of oxygen, violation of biochemical processes of self-purification.
According to [9] , decomposition of craft-lignin in sewage, which is registered via the chemical consumption of oxygen (CCO), is 50% in 2 weeks and 90% in 40 weeks. It is considered that 50% decomposition of lignin with the stage of bleaching takes place during a week, and then CAO does not decrease during 40 weeks, after what disassimilation practically stops. Our special anxiety is caused by the presence of chlor-lignins in their content. There appear thousands of chlororganic substances, approximately 300 of which have been identified. Note, not less than 97% of the total chloride bound up with organic substances is represented by non-recognized mid-molecular and high-molecular organic substances, which are decomposed into chlorinated organic substances with lower molecular weight, many of which are chemically resistant toxic substances [18, 19] .
According to [3] the organic substances of bottom sediments on the Baikal possess a relatively high concentration of easily hydrolyzable forms. Sediments of the upper layer of bottom sediments give 24 to 72% of organic carbon into the first hydrolyzate, 5 to 52% into the second one, and in the insoluble residue the content of carbon is from 10 to 70%. It is noted that important factors, which determine the quantity of easily hydrolozable organic substance in bottom sediments, are the conditions of sedimentation. For the relatively high rates of sedimentation the organic substances undergo sedimentation in bottom sediments, but retain the capability of biochemical oxidation. We have shown the direct link between the mass content of organic carbon and the absolute quantity of its easily hydolizable forms.
To the end of assessment of an admissible biogenic load on the water reservoir it is necessary to know the process of spatial-temporal dynamics of the pollution sites on bottom of the water reservoir, into which industrial sewage waters are discharged. Our analysis has given evidence that the zone of high pollution has already formed. The total content of lignin-humus substances and cellulose in bottom sediments is 35-40%. These zones of anthropogenic pollution have reached the size of some 20-40 sq. km during 30-50 years of work of the enterprises [9] . Naturally, hardly oxidizable organic substances are present in the water reservoir also as a natural component. Even in oligotrophic reservoirs its content may be several milligrams in dm 3 [3] . So, getting CAO into a pretty large water reservoir from sewage waters may be not very substantial in its percentage. One has to remember that the content of the complex of substances, which are determined from CAO, includes low-molecular substances, which are foreign for all ecosystems and are hard to remove. The difficulties of organization of valuable natural observations of such processes for the purpose of getting the estimate of influences on the ecosystem have made us to use mathematical modeling [2, 7, 8, 11 ].
Problem statement
Bottom sediments represent a natural porous medium saturated with water solute of different organic and mineral substances, which is formed in the water basin by sequential adding of a large number of particles falling onto the bottom, which have different dimensions and content. This environment is bounded from below by the fundamental bed of the water reservoir, and from above -by the interface with the water layer, from now on -the boundary "water-bottom". For the purpose of definiteness, let us consider the boundary "water-bottom" coinciding with the boundary of diffusion boundary layer [12] . For large Pekle numbers, the characteristic speed of the concen-tration variation in the boundary layer in the direction transversal to the flow is essentially greater than in the longitudinal direction.
Since exact quantitative description of the structure of real porous medium and of the diffusion transfer in it is related to substantial difficulties, in case of a macroscopic approach it is generally considered as some homogenized continuous medium. Effective parameters of this medium are chosen to provide equality of diffusion flows with the real porous medium under equivalent conditions.
Next, we assume that, except for formation of volatile substances under anaerobic conditions, the rest of the chemical reactions going on under the two considered conditions (aerobic and anaerobic) are similar. Decomposition of the mass of organic substance under anaerobic conditions is considered as the first-order reaction. This relatively simple model of biochemical reaction rather exactly reflects the process of integration in bottom sediments [16] . This model of integration for the initial organic substances, both easily oxidized and hardly oxidizable ones, is used in [20] ; a kinetic model of regeneration of inorganic compounds of biogenic elements under anaerobic conditions is also described in [20] .
Unlike that, under anaerobic conditions, there may take place reactions of two types. Kinetics of reactions, which belong to the first type, is described by the Mihaelis-Menten equation, which considers variation of the biomass (the Monot function for the substrate concentration). Second type processes are described by the first-order reactions which characterize variation of the total content of volatile substances. In the presence of a sufficiently large concentration of the substrate (initial organic substance) and when the process of integration is assessed under anaerobic conditions we shall use a simpler first-order kinetic equation, which takes account of variation of biomass (instead of the Mihaelis-Menten equation). Under anaerobic conditions, we assume that the rate of disassimilation of the solute organic substance is proportional to the content of the solute oxygen [10] .
Description of the process of decomposition of the organic substances. Consider disassimilation of the organic substance in bottom sediments, following the scheme proposed in [11] , as going on at the same time but independently of multistage hydrolysis (decomposition) of some of its "kinetic groups", resulting in formation of inorganic final products. Suppose disassimilation is satisfactorily described by the first-order kinetics. The initial substance of the bottom sediments and products on each stage of disassimilation will be denoted by P ij , where i = 0, 1, . . . , n j is the number of the substance (product) of the j-th group, and j = 0, 1, . . . , m the number of the group. In the multistage process, decomposition of the (i − 1)-st intermediate product adds to the quantity of the i-th product.
Hence the general scheme of decomposition of the organic substance in bottom sediments can be represented as follows:
where: P 0j -initial organic substance of the j-th group, P (n j )j -final inorganic product of the given group. All the intermediate products form a solute organic substance. Then characterize the initial organic substance of bottom sediments, and the value
P ij is the sum of solute organic products in porous solutes.
It is supposed that substantial variations of the value and the direction of the diffusion flow of solute organic substance through the boundary "water-bottom" take place only during transient processes. These transient processes depend on the conditions of the environment external with respect to the system "near-bottom water -bottom sediments". The external conditions determine the variations of solute oxygen in the reservoir's water and the concentration of solute and suspended organic substances in the "near-bottom layer" of the water. The sorption equilibrium under aerobic and anaerobic conditions is established quickly, and, at each time moment, the current concentration of solute organic substances is practically equal to the equilibrium one because we assume that the time of sorption-desorption is negligibly small with respect to the time, which determines changes under the external conditions. The coefficient of convertible sorption is satisfactorily described by the linear Henry law and has different values in the upper oxidized and lower reduced layers of bottom sediments, and the coordinate of the boundary between the layers is a function of time.
Mathematical model and the method of investigation
A local moving coordinate system attached to the boundary "water-bottom" is introduced. The origin coincides with the given boundary, the positive axis 0z goes downwards, into the layer of sediments. Since the change of the concentration per unit of length along the vertical line in bottom sediments is much larger than variations of the value of concentration in other directions, the diffusion process will be considered as a one-dimensional process. In course of sedimentation (with the sedimentation rate V oc ) the coordinate system moves upwards parallel to itself with the velocity V oc .
Equations of molecular diffusion in a porous medium
Generalizing the results of [7, 8, 11] and taking into account mass transfer due to molecular diffusion, we can write micro-kinetics equations describing the processes in bottom sediments in the form:
Here [11, 14, 17] . In this work, it is supposed that m = 2.
Since the initial solid organic substance does not diffuse, D 0 0j = 0 for all kinetic groups. When the rate of the sorption process is sufficiently high, it is supposed that the equilibrium between the liquid and solid phases is established instantaneously and it is described by a linear isotherm line. The process of equilibrium sorption is described by the function
Here z * (t) is the thickness of the oxidized layer of the bottom sediments. In the general case, the functions in the right-hand side of the equation have the form
and describe the process of chemical decomposition of the organic substance, as well as mass production, chemical reactions, physical-chemical and biological processes, which involve variations of concentration with time [9, 11] . The rate of chemical decomposition of the substance k ij (z, t) (1/hour) depends on the content of oxygen solute in the bottom sediments. It has different values in the aerobic and anaerobic domains of the bottom sediments and of the "near-bottom water". In this case, constants of rates of multi-stage and multi-component decomposition of substances k ij (z, t) depending on the content of oxygen, that is on position of the boundary of the oxidized layer of sediments in bottom sediment. They can be written as follows:
where C κ (z, t) is the concentration of oxygen solute in bottom sediments, and the dimensionless coefficients β ij , β 0 j take account of the difference in rates of processes under aerobic and anaerobic conditions. We note that under real conditions existing for the initial substance of bottom sediments of fresh-water reservoirs there exists an approximate estimate β 0 j ≈ 0.5 [11] . For all finite products of chemical decomposition, the rate of decomposition is k (n j )j (z, t) = 0. As far as the initial organic substance is concerned, there are no positive sources in bottom sediments, and, consequently, C 0j (z, t) = 0 for all kinetic groups.
The total flux for each product in bottom sediments is given by the formula
The total flux of all solute organic products of disassimilation can be written as
The expression for the total flux through the surface of bottom sediments for each product is F p ij (t) = F p ij (z, t) z=0 , at the boundary "water-bottom" defined above.
Initial and boundary conditions. 1. The initial vertical distribution of the concentration of solute organic substance in the sediment is C ij (z, t)| t=0 = Ψ ij (z). The function Ψ ij (z) is found from the solution of the problem of parametric identification with the use of experimental data for the stationary mathematical model [8] or by the method of relaxation for numerical solution of system (2.1).
2. At the lower boundary of the bed of the water reservoir of the anthropogenic layer of bottom sediments with the coordinate z = L the concentration gradient is zero:
The boundary condition at the boundary "water-bottom" is
Here the concentration C * ij (t) are the given functions of time, which define variations of the concentration of substance at the boundary "water-bottom".
Consumption of oxygen by bottom sediments
Unlike solute organic products, oxygen has no positive sources in the layer of bottom sediments. It comes into sediments through the boundary "water-bottom". Variations of the content of oxygen in water of the near-bottom layer of a shallow water reservoir provoke the related variations of oxygen concentration in the porous solutes of the upper layer of the sediments. This provokes the change in time needed for deep penetration of oxygen into bottom sediments and in the conditions of reduction-oxidation processes there, and is reflected in the course of the total complex of physicalchemical processes in the upper layer of the sediments.
Diffusion of oxygen C κ (z, t) into bottom sediments of shallow water reservoir, which is accompanied by its consumption with the rate proportional to its concentration, can be written in the following form [7, 11] :
Function Φ κ (z, t) in the right-hand side of (2.2) describes the kinetics of reaction of organic substances of bottom sediments with oxygen and, according to the mass action law, writes as follows [9, 11] : 24hours) ) are the rate constants for the initial and solute organic substances of bottom sediments for anaerobic decomposition; the reaction is irreversible.
The density of the total flux of solute oxygen in bottom sediments is computed by the formula:
Initial and boundary conditions. 1. At the initial time moment, the vertical distribution of concentration of solute oxygen in the bottom sediments C κ (z, t)| t=0 = ϕ(z) is given.
2. At the lower boundary of the anthropogenic layer of bottom sediments with the coordinate
3. At the boundary "water-bottom"
, where the concentration of the solute oxygen in the near-bottom water C * k (t) can be found like C * ij (t) or be of a given value.
Dynamics of the surface oxidized layer
For estimating the dynamics of the surface of the oxidized layer of sediments let us use the following assumptions. On the basis of experimental investigations, it has been shown [11] that under the boundary of the oxidized layer the content of oxygen solute in the porous solute is small, it is aboutC min = 0, 5 mgO 2 /dm 3 porous . In this connection, we shall consider the concentration of oxygen at the lower boundary of the oxidized layer to be practically constant. The time change of the position of the level line in the sediment corresponding to the given concentration describes the dynamics of thickness of the surface of the oxidized layer, which is conditioned by variations of the oxygen content in the near-bottom water
The velocity of the lower boundary of the oxidized layer is given by the equation:
3)
The initial position z * (t)| t=0 = z * 0 is determined by the initial vertical distribution of solute oxygen ϕ(z).
Numerical method
In the general case, we obtain a boundary-value problem (2.1), (2.2) for the equations of parabolic type with the boundary conditions imposed on moving boundaries (2.3), the boundary "waterbottom" and the boundary of the oxidized layer of bottom sediments. For discretization with respect to the spatial variable we use an upwind finite difference scheme for the convective terms and central differences for the diffusion component [4] .
The principle of frozen coefficients [4] allows one to separately solve the problem for the distribution of solute organic substances and then to determine the location of the moving boundary. We consider iterative method of Richardson [4] . Suppose the time segment [T 0 , T 1 ] is decomposed into intervals (t n−1 , t n ), within which the system's coefficients satisfy the conditions of stability and convergence. As the basis of numerical implementation of the problem on the time interval τ = t n − t n−1 we take the explicit scheme of local iterations LI-M [5, 6] . Results of computations conducted for test examples have shown that this scheme for parabolic equations of molecular diffusion with constant coefficients is stable [8] .
Results of computations for bottom sediments
Consider a simplified model example which reflects the real situation. We study one-component process with respect to lignin substances which form over 61% of the initial composition of bottom sediments. The process has two stages of disassimilation. Consider the initial data for parametric identification of decomposition rates.
At the first stage, there are organic substances with the diffusion coefficient D 
The rate of chemical decomposition of the initial organic substance is different under anaerobic and aerobic conditions. It differs approximately two times. The sedimentation rate, estimated through the thickness of the layer of bottom sediments, is approximately 15 mm per year. The rate constants of the two-stage process were determined from the results of parametric identification, for the solid organic substance k 0 = 0, 00042 1/24h, for the solute organic products of anaerobic decomposition k
/mg · 24h, the coefficients of anaerobic decomposition β 1 = β 2 = 7, 5 mg/dm 3 . Fig. 1 shows a sufficiently good correspondence of the numerical simulations and experimental data within the limits of measurement errors of 10-15%.
The results of computations given in Fig. 2 show that during transient processes related to variation of oxygen concentration in the near-bottom layer of water, the value of the total flow of solute organic substances from bottom sediments substantially growth. The first maximum, which shows a substantial increase of the flow, is related to occurrence of anaerobic conditions. The second maximum is smaller, it corresponds to diffusion of oxygen into the near-bottom layer.
In this case, the total value of the secondary pollution of water increases. Consumption of oxygen by bottom sediments does not exceed 100 mg of solute oxygen per a square meter during 24 hours. Fig. 3 shows the damping influence of "the near-bottom layer of water" (of thickness only 0.02m) on the bottom sediments: the source of secondary pollution. The value of maximum flow of solute organic substances decreases approximately by 3 times and, consequently, the biogenic load on the water reservoir is reduced. Consumption of oxygen by bottom sediments is reduced by approximately 2 times. The situation is more explicitly shown in Fig.1d , where it is clearly seen that the behavior of the concentration curves in the pore-filling solute and in the near-bottom layer of water differs inside this layer. The gradient of concentration decreases. 
Conclusion
In this work, we study macro-kinetic processes in bottom sediments of water reservoirs with a water-saturated porous medium of variable porosity with respect to the depth of sediments. We describe consumption of oxygen by water sediments, multistage decomposition of organic substances, distribution of the products of disassimilation in pore-filling solutes. Instead of the conception of the barrier oxidized layer of bottom sediments, which prevents free diffusion exchange of solute substances with the near-bottom water, we have considered the concept of transient processes in sediments of water reservoirs with temporary lack of oxygen. Formation of diffusion flows of solute substances, which arise in sediments of a shallow water reservoir under quasiperiodic changes of conditions at the boundary "water-bottom" and in the near-bottom layer of water, has been investigated and described. To obtain a more plausible estimate of the secondary pollution related to transient processes it is necessary to estimate the whole complex of external influences on the water reservoir, while employing more advanced techniques of sampling of nearbottom water and bottom sediments would allow one to avoid disrupting the sample structure.
The results of computations give evidence that stationary models allow parametric identification of the parameters of the mathematical model on the basis of experimental data. Meanwhile, within the frames of non-stationary models, which describe transient processes, it is necessary to find an optimal combination of external impacts such that it would allow one to plausibly estimate the value of maximum flow of solute organic substances of anthropogenic origin from bottom sediments and assess the maximum possible biogenic load on the water reservoir. In course of further investigations of material exchange inside the system "water-bottom" it is necessary to conduct quantitative assessment of influence of both stirring-up and activity of zoobenthos organisms, as well as assessment of influence of their density on the flow of solute substances, while considering these as a part of the complex of external influence on the processes in bottom sediments.
